It is shown that the numerical range of a tridiagonal operator with 0 main diagonal is symmetric with respect to the origin. Some related specialized results under stronger hypotheses are included. In particular, if the order of a matrix is 3, then its numerical range is an elliptical disk and is explicitly described.
INTRODUCTION
Let H be a Hilbert space with an inner product ( , >. The set of all bounded linear operators on H is denoted by B(H). The numerical range of an operator A E B(H) is the set It is well known that W(A) is convex, and its closure contains the spectrum of A. If dim H = n < ~0, then W(A) reduces to the classical numerical range of a matrix. In contrast to the infinite dimensional case, the numerical range of a matrix is compact, as well as being convex.
We assume throughout this paper that a Hilbert space is separable-equivalently, the dimension of the Hilbert space is countable 12, 4.161. Suppose a Hilbert space H has a countable basis {eklk E N; we may assume that (ek}k E N is orthonormal, since the Gram-Schmidt orthonormal-ization process [2, 4.61 gi ves an orthonormal basis for H. An operator A E B(H) is said to be tridiagonal if there is an orthonormal basis (eklk E N of H such that ( Aej, ei) = 0 whenever Ii -j] > 1. The entries ( Aei, e,), i = 1,2,. . . , form the main diagonal of A. Similarly, in the finite dimensional case, we say that a matrix A = (aij> E M, is tridiagonal if ajj = 0 whenever )i -jl > 1. The numerical range of tridiagonal matrices has been partially discussed. When A = (aij) E M, is the shift matrix, Marcus and Shure [6, Lemma 31 and Eiermann [3, Lemma 31 showed that W(A) is a circular disk centered at the origin of radius cos[?r/(n + 111. Extensions of this result can be found in [l, 31. In [l, Theorem 51, it In this paper, we compute the numerical range of tridiagonal operators with 0 main diagonal. Some sharper geometric properties under stronger hypotheses are included.
TRIDIAGONAL OPERATORS
We first observe a geometric property of the numerical range of a tridiagonal operator with 0 main diagonal.
THEOREM
1. Then we compute that Furthermore, the value ]2j -1 -(2k -111 is either 0 or greater than 1, and thus ( Aezl_ i, e2k_ i> = 0 by the assumption. Therefore, ( Ax, x) = 0. Similarly, ( Ay, y ) = 0 whenever y E S ' . Hence
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Proof.
Let S be the closed subspace generated by {e,, e3, es, . . . }. From
(1) and (2) we have 
Similarly, , 'a') ).
Note that W is continuous, it follows that the composition function assumes its maximum t-. Taking this r, W(A) is a closed elli tical disk centered at the origin, having its major axis parallel to the vector e tap with length r(lal + lbl) and minor axis of length r(lal -lbl)l.
??
TRIDIAGONAL MATRICES
It is easy to see that the same proofs of Theorem 1 and Theorem 2 work in the finite dimensional case, and thus the results hold for matrices. Furthermore, in the following, we give conditions for the numerical range of a tridiagonal matrix to be a circular disk, and estimate the radius of the disk.
For a matrix A E M,, the spectral radius p(A) is the largest absolute value of the eigenvalues. Given a set J C {l, 2,. . . , n}, we denote by A(]') the principal submatrix of A formed by deleting rows and columns indicated bY 1. the maximum row sums of (I Al + I AIT)/2. The last assertion follows immediately from (4) and (5).
??
Let A E M, be a tridiagonal matrix with 0 main diagonal. It is clear that W(A) is an elliptical disk when n = 2. In the following, we show explictly that W(A) is also an elliptical disk when n = 3, but when n = 4, that may not be the case. +(laJ + b2312 + b,112 + b3212 -2 la&z,, + u,,u,,l)
The corresponding unit eigenvector can be computed by 
Assume e-iJI/2pe = u, + iv,, and let From (7) 
(10)
Hence {e-'$/'p@ : 0 < 8 c 237) is an ellipse centered at the origin, having its major axis on the x-axis with length 6 and minor axis of length A. The conclusion then follows. The author is grateful for the helpful suggestions of the referee in improving the original manuscript.
